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Abstract 

A ring R is said to be right McCoy if the equation f{x)g{x) = 0, where f{x) 
and g{x) are nonzero polynomials of R[x], implies that there exists nonzero 
s G -R such that f{x)s = 0. It is proven that no proper (triangular) matrix 
ring is one-sided McCoy. If there exists the classical right quotient ring Q of 
I a ring R, then R is right McCoy if and only if Q is right McCoy. It is shown 
^ I that for many polynomial extensions, a ring R is right McCoy if and only if 
the polynomial extension over R is right McCoy. Other basic extensions of 
right McCoy rings are also studied. 

Keywords: matrix ring, McCoy ring, polynomial ring, upper triangular ma- 
trix ring. 
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1. Introduction 



Throughout this paper, all rings are associative with identity. Given a ring 
R, the polynomial ring over R is denoted by R[x] , and the ring of n x n matrices 
(resp., upper triangular matrices) over R is denoted by Mn{R) (resp., T„(_R)). 

Recently, Nielsen [8] called a ring R right McCoy if the equation f{x)g{x) = 
0, where f{x),g{x) e i?[x]\{0}, implies that there exists s G -R\{0} such 
that f{x)s = 0. Left McCoy rings are defined analogously. McCoy rings 
are the left and right McCoy rings. In [H Claim 7 and 8], it is shown that 
there exists a left McCoy ring but not right McCoy. The name "McCoy" was 
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chosen because McCoy [7] had noted that every commutative ring satisfies this 
condition. Reversible rings (that is, ab = imphes ba = for all a,b E R) 
are McCoy [H Theorem 2] , and the relationships among these rings and other 
related rings are discussed in [5l [8] . A ring R is called an Armendariz ring [9| 
=0 '^j^*) (l2j=o ^j^"') — in R[x] then aibj — for all i and j. Armendariz 
rings are McCoy by definition and an example below shows that McCoy rings 
need not be Armendariz. Therefore, McCoy rings are shown to be a unifying 
generalization of reversible rings and Armendariz rings. 

In this paper, at first we consider whether the property "McCoy" is Morita 
invariant. It is proven that for any ring R and n > 2, Mn{R) (resp., Tn{R)) is 
neither left nor right McCoy. Sequentially, we argue the property "McCoy" of 
some kinds of polynomial rings. For many polynomial extensions, a ring R is 
right McCoy if and only if the polynomial extension over R is right McCoy. It 
is also proven that if there exists the classical right quotient ring Q of a ring 
R, then R is right McCoy if and only if Q is right McCoy. Moreover, some 
examples to answer questions raised naturally in the process are also given. 



2. Matrix Rings Over Mccoy Rings 



In this section, whether the property "McCoy" is Morita invariant and 
the property "McCoy" of some subring of upper triangular matrix ring are 
investigated. 

We start with the following fact that is due to [5], Theorem 2]. 
Lemma 2.1. A ring R is right (resp., left) McCoy if and only if the ring 



r / 



Rn 



a 


ai2 


ai3 . 







a 




■ 0'2n 








a 


■ CLSn 








. 


a 



\ 



: a, aki G R 



is right (resp., left) McCoy for any n > 1. 

Armendariz rings are McCoy, but there exists a McCoy ring which is not 
Armendariz. If i? is a McCoy ring, then so is R4 by Lemma [2TT1 But R4 is not 
Armendariz by [3^ Example 3]. 

Based on Lemma [2. ![ one may suspect that Mn{R) or Tn{R) over a McCoy 
ring R is still McCoy. But M2(Z4), which is not right McCoy ring by [10], erases 
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the possibility. Therefore, the property "McCoy" is not Morita invariant. In 
general, we obtain the following result. 



Theorem 2.2. For any ring R, Mn{R) (resp., Tn{R) ) is neither left nor right 
McCoy for any n > 1. 

Proof. If n = 2, then wc denote A = C = ei2, B = Cu, D = —622, where e^j's 
are the usual matrix units, and f{x) = A + Bx, g{x) = C + Dx e M2{R)[x]. 
It is clear that f{x)g{x) = 0. But if f{x)P = or Qg{x) = for some 
P,Qe M2{R), then P = Q = 0. 
If n > 2, then we denote 

F,(x) = 



Gi{x) 
F2{x) 
G2{x) 




X e Mn{R)[x]. 



So Fi{x)Gi{x) = and F2(x)G'2(x) = 0. But if SGi{x) = or F2{x)T = 
for some S,T e Mn{R), then 5" = T = 0. Therefore, M„(i?) is neither left nor 
right McCoy for any n >2. 

Note that f{x),g{x) G T2{R)[x], and Fi{x),Gi{x) G Tn{R)[x] for any i = 1,2 
and n > 2. Similarly, it is proven that Tn{R) is neither left nor right McCoy 
for any n > 2. □ 

Example 2.3. A ring R is a right (resp., left) McCoy ring if and only if the 
ring 
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a, b, c,d,e, f E R 



is a right (resp., left) McCoy ring. 



Proof. It is sufficient to prove the case when R is right McCoy. The other case 
is similar. 

"=^". Let F{x) = X^i^Li A^*) G{x) = X]j=i ^j^'' tie nonzero polynomials in 
y(i?)[a;] such that F{x)G{x) = 0, where 

Ai = 0^(611 + 644) + 021(622 + 655) + 031(633 + 666) + Ch6i2 + 62^634 + C3i656, 

Bj = bij{en + 644) + 62^(622 + 655) + ^(633 + eee) + dijCu + 0^2^634 + dsje^Q. 
Denote 

m m 

fs{x) = ^asix\ pk{x) = ^Ckix\ 

i=l i=l 

n n 

9t{x) = ^btjx\ qi{x) = ^dijX^, 
where 1 < s,t,k,l < 3. Then we have 

F{x) = fi{x){eii+e4i)+f2{x){e22+e55)+f3{x){es3+eGG)+pi{x)ei2+P2ix)e34+p3{x)e5G, 

G{x) = gi{x){eu+eu)+g2{x){e22+e55)+g3{x){e33+em)+qi{x)ei2+q2{x)es4+qs{x)e5Q. 

To prove that V{R) is a right McCoy ring, we may choose some fixed index 
s, t,k or I of the set {1, 2, 3} for simphcity of statement. If fs{x) — for some 
s, then we can choose jS" = 612 if s = 1, jS" = 655 if s = 2 and S — 634 ii s — 3 
such that F{x)S — 0. Next suppose that fs{x) ^ for any s. 

Case 1. g't(x) 7^ for some t. 

Assume 1 — 3. Prom F{x)G{x) — 0, we have f3{x)g3{x) = 0. It implies that 
there exists nonzero ri G i? such that f3{x)ri — 0. So F(a;)ri634 = 0. 
Case 2. gt{x) = for every t. 

Since G{x) 7^ 0, qi{x) 7^ for some /. Assume qi{x) ^ 0. Since fi{x)qi{x) = 
0, there exists nonzero r2 G i? such that fi{x)r2 = 0, implying F(a;)r2ei2 = 0. 
Therefore, V{R) is a right McCoy ring. 

"<^". Assume that f{x)g{x) = 0, where f{x) = Y17=Q^i^^ 7^ 0,(7(0;) = 
Y.%ohjX^ ^ 0,ai,bj e R. Let F{x) = Xir=o(«i^6)a;*, ^(a;) = Y.jLoibjh)x^ G 
y(i?)[a;], where le is the identity matrix. Then F{x)G(x) = [f{x)lQ][g{x)lQ] ~ 
0. Hence, there exists nonzero S — si(6ii + 644) + 52(622 + 655) + 53(633 + eee) + 
^i6i2 + ^2634 + i3656 G V{R) such that F{x)S = because V{R) is McCoy. If 
Si for some i G {1, 2, 3} then f{x)si — 0. If Sj = for every i, then there 
exists tj 7^ for some j G {1,2,3} since 5" 7^ 0. We also have f{x)tj — 0. 
Thus, R is right McCoy. □ 
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Remark 2.4. (1) For a McCoy ring R, eRe may not be McCoy for some 
idempotent e E R. 

(2) R may not he McCoy even if eRe is McCoy for every nontrivial idem- 
potent e of R. 

Proof (1) Let i? be a McCoy ring. Then V{R) in Example O is McCoy. Set 
e = eii + + 644 + 655 G V{R). Then e is an idempotent of V{R), but 
eV{R)e ^ [RR) is never McCoy by Theorem O 

(2) Let R = T2(Z2). Clearly, the nontrivial idempotents of R are (qq), 
([]?), {ID and ([J i). Though R is not McCoy by Theorem[22l eRe ^ Z2 is 
McCoy for every nontrivial idempotent e of i?. □ 

Recall that both reversible rings and Armendariz rings are McCoy and 
abelian (i.e., each idempotent is central). So it is natural to observe the rela- 
tionships between them. A ring R is said to be semi-commutative if a6 = 
implies aRb = for a,b E R. Nielsen showed that semi-commutative (hence 
abelian) rings need not be McCoy in P, Section 3]. Conversely, V{R) over 
each McCoy ring i? is a non-abelian McCoy ring in Example 12.31 

3. Other extensions of McCoy rings 

Basic extensions (including some kinds of polynomial rings and classical 
quotient rings) of McCoy rings are investigated in this section. 

Proposition 3.1. If Ri and R2 are right McCoy, then so is R = Ri x R2. 

Proof. Let /(x) = X]i=o('^*' ^*)^* ~ J2]=o(^3'^j)^'' ^ such 

that fix)g{x) = 0. Set fi{x) = YT=o hi.^) = YlT=obiX\ giix) = Yl]=oCjX^ 
and g2ix) = YJj=odi^^ ■ Then fi{x)gi{x) = = f2{x)g2{x). If fi{x) = 0, then 
/(x)(l,0) = 0. If f2{x) = 0, then /(a;)(0,l) = 0. Next suppose /i(x) ^ 
and f2{x) 7^ 0. Since g{x) 7^ 0, gi{x) 7^ or g2{x) 7^ 0. If gi{x) 7^ 0, then 
there exists nonzero si G Ri such that /i(x)si = 0. Thus f{x){si,0) = 0. If 
g2{x) 7^ 0, then there exists nonzero S2 G R2 such that f2{x)s2 = 0. Thus 
/(x)(0, 82) = 0. Therefore, R is right McCoy. □ 

It is natural to ask whether i? is a McCoy ring if for any nonzero proper 
ideal / of R, R/I and I are McCoy, where / is considered as a McCoy ring 
without identity. However, we have a negative answer to this question by the 
following example. 
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Example 3.2. Let F be a field and consider R = T2{F), which is not McCoy 
by Theorem \2.2[ Next we show that R/I and I are McCoy for any nonzero 
proper ideal I of R. Note that the only nonzero proper ideals of R are {qq), 
(0^) and(o^). 

First, let I = {q q)- Then R/I = F and so R/I is McCoy obviously. Let 

/(^) = J2^o {"o ^'"'^ fi'(^) ~ ^i=o ('o 1) )"^"' nonzero polynomials of 
I[x] such that f{x)g{x) = 0, implying 

fi{x)gi{x) = fi{x)g2{x) = 0, (*) 

where fi{x) = YlZo ^-i^' ^ 9iix) = E"=o 5'2(a;) = Yl]=odjX^ ^ F[x]. If 
fi{x) = 0, then /(x)eii = 0. Suppose fi{x) ^ 0. Since g{x) ^ 0, gi{x) ^ Q or 
g2{x) 7^ 0. From the equation {*) and the condition that F is right McCoy, we 
have fi{x)s = for some nonzero s G -F, whence f{x){seii) = 0. Thus, I is 
right McCoy, and I is left McCoy since ei2g{x) = 0. Next let J = (qp)- Then 
R/J and J are McCoy by the same method. Finally, let K = {qq). Then 
R/ K = F ^ F is McCoy. Since for any h{x) G K[x], h{x)ei2 = euh^x) = 0, 
K is obviously McCoy. 

A classical right quotient ring for i? is a ring Q which contains i? as a 
subring in such a way that every regular element (i.e., non-zero-divisor) of R 
is invertible in Q and Q = {ab~^ : a,b & R, b regular}. A ring R is called 
right Ore if given a,b & R with b regular there exist ai, 6i G i? with bi regular 
such that abi = bai. Classical left quotient rings and left Ore rings are defined 
similarly. It is a well-known fact that i? is a right (resp., left) Ore ring if and 
only if the classical right (resp., left) quotient ring of R exists. 

Theorem 3.3. Suppose that there exists the classical right quotient ring Q of 
a ring R. Then R is right McCoy if and only if Q is right McCoy. 

Proof. Let F{x) = X^I^o'^i^* ^(^) = J2^=o f^j-'^'' nonzero poly- 

nomials of Q[x] such that F{x)G{x) = 0. Since Q is a classical right quotient 
ring, we may assume that ctj = aiU~^, [3j = bjV~^ with Oj, bj G R for all i,j 
and regular elements u, f G -R by [6, Proposition 2.1.16]. For each j, there 
exist Cj G R and a regular element w E R such that u~^bj = CjW~^ also by P, 
Proposition 2.1.16]. Denote /i(a;) = X^i^o*^*-^* 9i{^) = Sj=o '^i-^"'- Then 
the equation 



fi{x)gi{x){vw)-^ = ^^(a,9)(i;w)-V+^' = ^ ^ a,(u-^6j)i;- V+^' = F{x)G{x) = 



1=0 j=0 



i=0 j=0 



implies fi{x)gi{x) = 0. Thus, there exists a nonzero element s G i? such that 
fi{x)s = 0, i.e., ttiS = for every i. Then ai{us) = = for every i. It 
implies that F{x){us) = and us is a nonzero element of Q. Hence, Q is right 
McCoy. 

"<^". Let f{x) = ^^0^2^* 9i^) = Sj=o^i^'^ ^ ^^^^h that 

f{x)g{x) — 0. Then there exists a nonzero element a & Q such that f{x)a — 
since Q is right McCoy. Because Q is a classical right quotient ring, we can 
assume a — au~^ for some a e -R\{0} and regular element u. Then f{x)au''^ — 
f{x)a — implies that f{x)a — 0. Therefore, i? is a right McCoy ring. □ 

By the Goldie Theorem, if R is semiprime left and right Goldie ring, then 
R has the classical left and right quotient ring. Hence there exists a class of 
rings satisfying the following hypothesis. 

Corollary 3.4. Suppose that there exists the classical left and right quotient 
ring Q of a ring R. Then R is McCoy if and only if Q is McCoy. 

Recall that for a ring R with a ring endomorphism a : i? — > i?, a skew 
polynomial ring R[x] a] is the ring obtained by giving the polynomial ring 
over R with the new multiplication xr — a{r)x for all r E R. And a Laurent 
polynomial ring R[x; x~^] is the ring consisting of all formal sums Y17=k 
with obvious addition and multiplication, where ri E R and /c, n are (possibly 
negative) integers. For rings and Q;]/(a;"'), we always consider 

n > 2. 

Proposition 3.5. For a ring R and an endomorphism a of R, the following 
statements hold: 

(1) R is a right McCoy ring iff R[x; a]/{x"') is right McCoy. 

(2) If a is monic and R is a left McCoy ring, then R[x]a]/ {x"^) is left 
McCoy. 

(3) If a"^ = a and R is a left McCoy ring, then R[x; a]/{x"') is left McCoy. 

(4) If Oi is an automorphism and R[x; a]/ (x") is left McCoy, then R is a left 
McCoy ring. 

Proof. Let Fiy) = J2'i=o fiV^ ^iu) = S|=o5'i?/"' nonzero polynomials in 
R[x; a]/(a;") [y] such that F{y)G{y) = 0, where fi = YI'IZq aisx", gj = Ylt=o ^JtX^ ^ 
R[x;a]/{x'^); let ks{y) = Yli=oaisy' and ht{y) = E|=o V?/''- Then 

n—l n—l 

[J2ks{y)x'][J2ht{y)^'] = ny)G{y) = O- (*) 

s=0 t=0 

7 



(1) For the "only if part, suppose fco(?/) 7^ and hk{y) ^ with k minimaL 
Then kQ{y)hk{y) = by the equation (*). Hence, there exists nonzero ri G 
R such that fco(2/)'^i = 0, implying F(?/)(rix"~^) = 0. If fco(2/) = 0, then 
F{y)x'^~^ = 0. Therefore, R[x; a\/{x'^) is right McCoy. 

For the "if part, let fiy) = Yf^=o(^^y\ Q^v) = EU^jV' e R[y]\{0} 
such that f{y)g{y) = 0. Because f{y) and g{y) are nonzero polynomials of 
R[x; a]/{x"')[y] and is right McCoy, there exists a nonzero poly- 

nomial hi{x) = X]fc=o '^kX^ of q;]/(x") such that f{y)hi{x) = 0. Let c^q 7^ 
with ko minimal. Thus, f{y)ckg = 0. Hence, R is right McCoy. 

(2) If hoiy) = 0, then x^'-^Giy) = 0. Next suppose that ho{y) ^ and 

ki{y) 7^ with / minimal. Thus ki{y)x''hQ{y) = 0, implying that ki{y) Ej=o '^'(^io)?/''] = 
0. Since a is a monomorphism, a'(&jo) are not all zero, i.e., ^^=0 ^K^jolU^ 7^ 0. 
Because R is left McCoy, there exists r2 G -R\{0} such that r2[^^^Q a'(6jo)l/"'] = 
0. It implies that r2a^(6jo) = for every j, whence a"~^~^(r2)a"~^(6jo) = 
and a"-i-'(r2) ^ 0. So [a"~i-'(r2)x"-i]G(?/) = 0. It shows that 
is left McCoy. 

(3) The proof of (2) needs only minor modifications to apply here. If /io(l/) = 
0, then x'^~^G{y) = 0. Next suppose that ho{y) 7^ and ki{y) 7^ with / 
minimal. By a'^ = a and ki{y)x''hQ{y) = 0, we have that ki{y) Ej=o '^(^jo)l/''] = 
0. If all a(&jo) = 0, then x^~^G{y) = 0. If a(&jo) a^re not all zero, then there 
exists ra G -R\{0} such that '"3Ej=o '^(^io)?/"'] ~ ^ since i? is left McCoy. 
It implies that r^a^bjo) = for every j, whence {r3X^^^)G{y) = 0. Thus 

is left McCoy. 

(4) Let f{y) and g{y) be the same as the "if part in (1). Using a similar 
proof, we can obtain that there exist nonzero di^ G R and < Iq < n — 1 
such that di^^x^^giy) = 0, i.e., di^a'-^ipj) = for every j. Because a is an 
automorphism, there exists a nonzero element d'l^ G R such that a''°{d'i^) = di^. 
So d'l^bj = for every j, whence d'i^g{y) = 0. Therefore, i? is a left McCoy 
ring. □ 

Example 3.6. Let R be a left McCoy ring. Consider Rm.{m > 2) in Lemma 
\2.1\ and define a : Rm — ^ Rm by a{A) = aim, where a is the entry on the main 
diagonal of A E Rm- Then Rm and Rm[x;a\/ {x'^) are left McCoy by Lemma 
\2.1\ and Proposition \3.5\ (3) respectively. 

From Example 13.61 we know that the condition "i?[x; a]/ (x") is left McCoy" 
does not imply that a is monic or epic. 
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Lemma 3.7. Let R be a ring and A be a multiplicatively closed subset of R 
consisting entirely of central regular elements. Then R is right McCoy if and 
only if A~^i? is right McCoy. 

Proof. Observe that it is easy to find a common denominator for finite sets of 
elements in A~^R. Using tlie same way as Ttieorem l3.3l tlie proof is completed. 

□ 

Theorem 3.8. For a ring R, the following are equivalent: 

(1) R is a right McCoy ring. 

(2) R[x\ is a right McCoy ring. 

(3) R[x\x~^] is a right McCoy ring. 

(4) R[x]/{x"') is a right McCoy ring. 

(5) R[{xa}] is right McCoy, where {xa} is any set of commuting indetermi- 
nates over R. 

Proof. (1) (2) is due to [51 Tlieorem 1] and (1) -v^ (4) is by Proposition 13.51 
(1). 

(1) (5). Let F{y),G{y) e R[{xo.}][y] with F{y)G{y) = 0. Then F{y),G{y) G 
R\ ] [y] for some finite subset {x } C {xa}. Fol- 
lowing "(1) ^ (2)" and by induction, the ring i?[xQ,^, Xq-j, ■ ■ ■ ,Xa„] is right 
McCoy, so there exists nonzero hi G R[xa-^, Xa2, ■ ■ ■ , Xa„] ^ such that 
F{y)hi = 0. Hence, is right McCoy. 

(5) (1) is similar to "(2) (1)". 

(2) (3). Let A = {1, X, x^, ■ ■ • }. Then clearly A is a multiplicatively 
closed subset of R[x] consisting entirely of central regular elements. Since 
R[x;x~^] = A"^_R[x], R[x:,x~^] is right McCoy iff R[x] is right McCoy by 
Lemma 13.71 □ 

According to [1], an endomorphism a of a ring R is said to be rigid if 
aa{a) = implies a = for every a ^ R. Later, Hong et al. called a ring R 
an a-rigid ring |2] if there exists a rigid endomorphism a of R. Clearly, if R is 
an a-rigid ring, then a is a monomorphism and R is reduced (hence McCoy). 
Combining Proposition 13.51 (1) and (2), we obtain 

Corollary 3.9. If R is an a-rigid ring, then i?[x;a]/(x") is a McCoy ring. 

If R is an a-rigid ring, then R[x; a] is McCoy because R[x; a] is a reduced 
ring by [H Corollary 3.4] or ^ Proposition 5]. In general, R[x; a] may not be 
McCoy even if i? is a commutative reduced ring and a is an automorphism of 
R. To show it, we use a ring given in [SJ Example 6]. 
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Example 3.10. Let i? = Z2 ^ Z2 and a : R ^ R defined by a{{a,b)) = {b, a) . 
Then both R and R[x] a]/{x"') are McCoy, but R[x] a] is neither left nor right 
McCoy. 

Proof, i? is a McCoy ring since R is commutative, and so is R[x; a]/ {x"') by 

Proposition 13.51 (2) since a is an automorphism of R. Let f{y) = (1,0) + 

[{l,0)x]y and g{y) = (0, 1) + [(1, 0)a;]|/ be elements in R[x;a][y]. Then f{y)g{y) = 

0. Denote hi{x) = Y^Loi^i^ ^i)^'' ^2(3^) = Z]"=o('^i' ^i)^^ ^ -^[^! f{y)hi{x) = 

0, then Yl^oi^i^ 0)^*+EIio(^*' 0)x*+^]?/ = 0, whence = 6j = for all i. Thus 

h^ix) = 0. Ifh2ix)giy) = 0, then EU('^j,d,)a^iiOA))^' + [EU('^j,dj)a^i{l,0))x^+']y = 

0, whence Cj = dj = for all j. Thus /i2(a;) = 0. Therefore, R[x; a] is neither 

left nor right McCoy. □ 
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